illustrates the complete layout of the experimental setup. The spectrometer is composed of a spherical mirror (SM 2 ), a grating (GR), a cylindrical mirror (CM) and a 12-bit CCD camera. The spectrometer allows spatially resolved measurements in one dimension (along the spectrometer slit). A linearly polarized laser pulse was provided by a conventional Ti:sapphire chirped-pulse Figure S1 : Experimental layout developed for characterization of a laser pulse with a temporally varying polarization state using the angle-multiplexed spatial-spectral interferometry technique. Details are given in the Methods. amplification system, and had a full-width at half-maximum (FWHM) bandwidth of ∼28 nm at the center wavelength λ 0 = 792 nm. The signal and two reference pulses were prepared using two beamsplitters with a clear aperture size of 10 mm and a fixed input pulse energy of 2 mJ. The 1-mJ pulse reflected from the first beamsplitter (BS 1 ) served as the signal pulse, while the two reference pulses were produced by the second beamsplitter (BS 2 ). Various polarization states can be generated by adjusting the rotation angles of the quartz plate (QZ) and the zero-order halfand quarter-waveplates (λ/2 and λ/4). Since the spherical mirror SM 1 focuses the pulses before their arrival at the spectrometer slit, the signal pulse has to be attenuated in order to avoid the ionization of air at the focus. Therefore, an iris with a 3-mm aperture was used to sample the signal pulse in the center of the beam. By reflecting the pulse from the wedge WG, the sampled pulse was attenuated to 5 μJ for measurements. The polarization of the two reference pulses was set to linear, in the x (vertical) and y (horizontal) direction, and the two pairs of half-waveplates and polarizers (PL) were used to improve the polarization purity of the reference pulses. Irises and neutral density filters (ND) were introduced into the reference pulse path as well, so that their aperture sizes and pulse energies were approximately equal to those of the sampled signal pulse. Separate delay stages for reference pulses were positioned so they could be temporally overlapped with the signal pulse. Those three pulses were aligned in the same vertical plane and incident onto the spectrometer slit at different angles; a spatial-spectral interferogram was produced when they were spatially and temporally overlapped. The half-crossing angles between the signal and the two reference pulses were θ 1 ∼0.16 • and θ 2 ∼0.32 • , respectively. A flip mirror (FM) could temporarily direct the signal pulse to a Spectral Phase Interferometry for Direct Electric-field Reconstruction (SPIDER) setup [S1] for measuring its spectral phase as a part of system calibration.
Supplementary Note 2: Definition of ellipticity angle and orientation angle
Propagating along the z direction, the signal pulse comprising two orthogonal polarization components can be described in terms of the temporal field amplitudes E s 1,2 (t), laser frequency ω 0 , and temporal phases φ s 1,2 (t) of its field components: E s (t) = E s 1 (t) cos(ω 0 t+φ s 1 (t))x+E s 2 (t) cos(ω 0 t+φ s 2 (t))ŷ. The amplitudes E s 1,2 (t) and the relative phase difference δφ(t) = φ s 1 (t) − φ s 2 (t) can be used to describe the complete polarization state of the signal pulse, which can be represented by a polarization ellipse, as illustrated in Fig. S2 . The associated ellipticity angle χ(t) and orientation angle ψ(t) can be calculated as Figure S2 : The polarization ellipse and the definitions for the ellipticity angle χ(t) and orientation angle ψ(t).
Supplementary Note 3: Generation of temporally dependent polarization state
Pulses with well-defined time-dependent ellipticity can be prepared by transmitting a linearly polarized pulse through a polarization converter comprising a birefringent quartz plate and a zero-order quarter-waveplate, as illustrated in Fig. S3 [S2, S3] . In our experiments, an additional zero-order half-waveplate was used in the signal beam path to rotate the orientation of the linearly polarized signal pulse to a fixed orientation angle ψ=45 • before the polarization converter. Subsequently, a 1.15-mm thick, multi-order waveplate was used to perform the function of a quartz plate. By varying the θ z and θ p angles, defined as the orientations of the optical axes of the quartz plate and the quarter-waveplate, respectively, with respect to the x direction, a range of polarization states can be generated. For example, a linearly polarized signal pulse is generated by setting θ z =θ p = ±45 • . If θ z = 90 • and θ p = 45 • are used, the polarization state changes from elliptical to linear and back to elliptical, which is similar resembles that used in polarization gating of HHG [S2, S3] . Figure S3 : Illustration of a polarization converter comprised by a quartz plate (QZ) and a quarterwaveplate (λ/4) used for adjusting the polarization state of the signal pulse.
Supplementary Note 4: Retrieval of temporally dependent polarization state
As shown in earlier work with the angle-multiplexed SSI, the relative spectral phases and amplitude spectra of the two orthogonal field components of the pulse can be simultaneously retrieved from a single measurement [S4] . In the spectral domain, the signal pulse can be decomposed as
, where E(ω) s 1,2 are the spectral amplitudes of the orthogonal polarization components, k s is the wave number,x andŷ are the unit vectors in directions x and y, respectively, and φ 1,2 are the spectral phases of the two polarization components. Two reference pulses,
, polarized in the x and y directions, respectively, are temporally overlapped with the signal pulse on the spectrometer slit. The resulting interferogram I(ω, x) is given by E r i + E s i 2 , or
where i=1, 2 represent the x and y directions, respectively, I s i (ω) and I r i (ω) are the spectral intensities, θ i are the half-crossing angles between signal and reference pulses, and φ s i (ω) and φ r i (ω) are the spectral phases of signal and reference pulses. Since the reference pulses have different crossing angles (θ 1,2 ), I(ω, x) contains interleaved fringes along the vertical dimension (x) at two spatial frequencies, which are inversely proportional to the two crossing angles. Figure S4 summarizes the 1-D Fourier-filtering algorithm that can retrieve the spectral amplitude and phase of the signal components from a measured I(ω, x) trace [S4, S5] . Four sidebands can be identified in the ω − k x domain, from which two neighboring sidebands are filtered and inverse-Fourier transformed back to the ω − x domain, so that each resulting product
contains the interference between a signal component and a corresponding reference pulse. By dividing these products by an independently measured E r i (ω), the amplitude E s i (ω) and phase difference δφ i (ω)=φ r i (ω) − φ s i (ω) can be extracted. As long as the phase φ r i (ω) of a reference pulse has been determined, the phase of the pulse φ s i (ω)=φ r i (ω) − δφ i (ω) can be obtained. Using the retrieved spectral amplitudes E s 1,2 (ω) and phases φ s 1,2 (ω) of the signal pulse, the corresponding temporal field components E s 1,2 (t) and φ s 1,2 (t) can be calculated using the inverse Fourier transform. In addition, the temporal varying ellipticity of the signal pulse can be reconstructed using Eqs. (S1) and (S2). Figure S4 : Flow diagram of the Fourier transform-based algorithm for retrieval of the relative spectral phases and amplitudes of the orthogonal field components of the measured pulse [S4] .
